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Contemporary experimental research in the field of atomic, molecular, and optical physics has
made great progress in establishing fully controllable ultracold atomic systems. Applications of
these controllable systems include precise atomic clocks [1] and quantum simulation [2]. Examples
of controllable atomic systems include trapped ions [3], atomic systems interacting via the dipole-
dipole interaction [4], and atoms trapped in optical lattices with superexchange interactions [5].
These systems have the potential to realize spin squeezing. Advancements in trapped ion experi-
ments have led to control of long-range interactions between the ions. An interesting question to
ask is how to maximize spin squeezing in these systems. The purpose of this thesis, therefore, is
to analyze the effect that the range of the interactions has on spin squeezing. Numerical simula-
tions are used to gain insight into the maximum amount of spin squeezing that can be generated.
Throughout this thesis, Ramsey spectroscopy will be used as an example to understand potential
applications of spin squeezing.
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Chapter 1
Introduction
Contemporary experimental research in the field of atomic, molecular, and optical physics
has made great progress in establishing fully controllable ultracold atomic systems. There are
many applications of these systems. For example, atomic clocks use the internal quantized levels of
atoms to set the universal time standard [1]. These atomic systems are much better than mechanical
systems because of the control that exists over the many degrees of freedom. In addition, atomic
systems are useful in the domain of quantum simulation, where atoms trapped in an optical lattice
simulate the behavior of electrons in a physical lattice [2]. The key to quantum simulation is the
interaction of the atoms. This and the control over the many degrees of freedom in these systems
motivates the study of spin squeezing in this context [6].
As quantum systems, atomic clocks possess a fundamental amount of uncertainty in their
operation. Quantum systems are inevitably constrained by an uncertainty principle. For example,
the resolution in the position, ∆X, of a quantum particle and resolution in the momentum, ∆P ,
of the same particle are constrained such that their product is always greater than half of Planck’s
constant, ~. This puts a limit on the maximum simultaneous resolution of the position and momen-
tum of the quantum particle. Likewise, the projection of the axis of rotation of a quantum particle
along three orthogonal axes (the components of the spin axes), denoted Sˆx, Sˆy, and Sˆz, can only
be resolved such that the product of uncertainties of two orthogonal projections are greater than
the expectation value of the projection on the third axis. For example,
2(∆Sy)(∆Sz) ≥ ~
2
∣∣∣〈Sˆx〉∣∣∣ (1.1)
This statement of uncertainty can limit the precision of the atomic clock. There are several
ways to increase the precision of an atomic clock at this limit. As will be explained later, one can
reduce the uncertainty by using more quantum particles during the measurement process. A better
method is to employ spin squeezing. For a system where the uncertainty relation is saturated, one
can decrease ∆Sz by increasing ∆Sy. This system is considered “spin-squeezed”–we have reduced
a quantity along one axis and this has resulted in the quantity along an orthogonal axis becoming
bloated.
Systems of trapped ions [3], atomic systems interacting via the dipole-dipole interaction [4],
and atoms trapped in optical lattices with superexchange interactions [5] have the potential to
realize spin squeezing. Advancements in trapped ion experiments have led to control of long-range
interactions between the ions. The purpose of this thesis is to analyze the effect that the range of
the interactions have on the potential spin squeezing. Numerical simulations are used to gain insight
into the maximum amount of spin squeezing that can be generated, and Ramsey spectroscopy is
introduced to understand the potential applications of spin squeezing.
Chapter 2
Mathematical Background
2.1 Spin-1/2 and the Bloch Sphere
Quantum particles have an intrinsic angular momentum called spin. The spin of a particle
in quantum mechanics is quantized such that the projection of the vector describing its axis of
rotation along any spatial axis is an integer multiple of ~/2. A spin with the fundamental quantum
of spin is called a spin-1/2 particle. The spin state is described by a state vector, |ψ〉, in Hilbert
space. The components of the spin along the three spatial axes for a spin-1/2 particle are given by
the components of the vector 〈σˆ〉 = {〈ψ| σˆx |ψ〉 , 〈ψ| σˆy |ψ〉 , 〈ψ| σˆz |ψ〉}, where
σˆx =
 0 1
1 0
 , σˆy =
 0 −i
i 0
 , σˆz =
 1 0
0 −1
 , (2.1)
and the values for the components are bounded within the range [−1, 1]. The state is an eigenstate
of the spin operator Sˆ2 = (1/4)((σˆx)2 + (σˆy)2 + (σˆz)2) with eigenvalue of 3/4. The requirements
that the spin is a eigenstate of Sˆ2 and the components 〈σˆx〉 , 〈σˆy〉 , and 〈σˆz〉 are bounded between
−1 and 1, suggest that the state |ψ〉 can be visualized as a vector constrained to the surface a
sphere of radius one. This sphere is referred to as the Bloch sphere, and it is a helpful visual tool
for relating the spin state |ψ〉 of a spin-1/2 particle to its projections along the three orthogonal
axes. The Bloch vector, n, is defined for a spin state |ψ〉 such that |ψ〉 is the eigenstate of the
operator n · σˆ. The Bloch vector for the state |−z〉, is represented in figure (2.1). The Bloch vector
points along the direction of the expectation value of σˆ [7].
4Figure 2.1: Bloch sphere with a spin-1/2 particle whose Bloch vector is pointing down on the z-axis.
The state |x〉 is the notation for the eigenstate of n · σˆ with n = x. The state |y〉 is the
notation for the eigenstate of n · σˆ with n = y. A general state on the Bloch sphere can be built
out of the superposition of |z〉 and |−z〉 by specifying two angles, θ, the polar angle, and φ, the
azimuthal angle, to describe its location on the sphere. Hence the general state |ψ〉 on the Bloch
sphere is given by:
|ψ〉 = cos
(
θ
2
)
|−z〉+ eiφ sin
(
θ
2
)
|+z〉 (2.2)
It should be noted that, because quantum mechanics allows for superposition of states with
a relative complex phase between them, any two orthonormal states (a “two level system”) can
be used in place of |z〉 and |−z〉. In the context of atomic clocks, the two states are the ground
state |g〉 and the excited state |e〉 of the atom’s electron. The corresponding Bloch sphere for these
systems is shown in figure (2.2).
The generalized spin operators can then be expressed in terms of projection operators:
σˆx = (|e〉 〈g|+ |g〉 〈e|) (2.3)
σˆy = −i(|e〉 〈g| − |g〉 〈e|) (2.4)
σˆz = |e〉 〈e| − |g〉 〈g| (2.5)
5Figure 2.2: The Bloch sphere formed by using the electronic degrees of freedom of an atom in an
atomic clock
62.2 Ramsey Spectroscopy
Ramsey spectroscopy applies separated oscillatory fields to atoms to generate an atomic clock.
One typically uses an ensemble of many atoms, but for the sake of illustration, consider using a
single atom. Start with an atom in state |g〉, that is, with the Bloch vector pointing down along
the z-axis of the Bloch sphere. One then applies a rotation of the vector about the y-axis of the
Bloch sphere by applying a microwave pulse of frequency, Ω, for a time, t, on the atom such that
Ωt = pi/2. The Hamiltonian for this pulse is Hˆ = Ωσˆy. This places the state along the x-axis of
the Bloch sphere. The state then precesses about the z-axis in the xy-plane for a time, τ , due to
the detuning, δ, in the laser frequency. The Hamiltonian governing this evolution can be written as
Hˆ = δσˆz. Finally, the state is flipped onto the xz-plane of the Bloch sphere by rotating the state
about the y-axis with another microwave pulse as before with Ωt = pi/2, and then the z-component
of the Bloch vector, σˆz, is measured. This measurement yields the expectation value
〈σˆz(τ)〉 = cos (δτ) (2.6)
where δ = ω − ω0 is the detuning of the laser frequency, ω, from the atomic transition frequency
ω0. The idea for an atomic clock is to lock onto the atomic transition frequency [8]. The general
procedure of Ramsey spectroscopy is illustrated by figure (2.3). An example of the oscillation of
the z-component of the Bloch vector due to the detuning of the laser is shown in figure (2.4).
An atomic clock operated by the Ramsey sequence has a laser that is locked on to the atomic
transition frequency. The quality of the operation in this case is based on how small the error in
the laser frequency is [6]. From the standard error propagation formula, the uncertainty in the
detuning is given by:
7(a) At the beginning
of the sequence, the
state points along the
z-axis of the Bloch
sphere.
(b) After the first
pi/2-pulse, the state is
rotated by an angle
pi/2 about the y-axis.
(c) The state then
precesses in the xy-
plane for a time τ .
(d) After the final
pulse, the state is
flipped into the
xz-plane, and the
z-component of the
spin is measured.
(e) Laser pulses corresponding to the Ramsey sequence
Figure 2.3: Ramsey spectroscopy of one spin-1/2 particle.
Figure 2.4: The z-component of the spin after the final pulse of the Ramsey sequence.
8∆σz =
∣∣∣∣∂ 〈σˆz〉∂δ
∣∣∣∣∆δ (2.7)
∂ 〈σˆz〉
∂δ
= −τ sin(δτ) (2.8)
∆σz = sin(δτ) (2.9)
=⇒ ∆δ = 1/τ (2.10)
Therefore, the quality of Ramsey spectroscopy for one spin can be limited by the time of free
precession.
2.3 From One Spin to Many Spins
The benefit of using many spins instead of one spin is that, at the end of the Ramsey sequence,
the uncertainty in the measurement is decreased by a factor 1/
√
N , for a measurement using N
spins. This scaling is called the projection-noise limit, or Standard Quantum Limit (SQL). This
limit holds for uncorrelated spins, but by using correlated spins one can have the original uncertainty
decrease by up to a factor of 1/N , which is the so-called Heisenberg limit. By extending Ramsey
spectroscopy to many spins, one can derive the Heisenberg limit and gain insight into how to reach
it experimentally. Let us begin by generalizing the notion of the Bloch sphere and Bloch vector to
an ensemble of spin-1/2.
Consider a collection of spin-1/2 systems, which could describe atoms with two electronic
states. The ith spin is described by equation (2.2) with the two angles denoted as θ = θi and
φ = φi. In order to describe the state, |ψ〉, of the collection of spin states, we take the direct
product over all states.
|ψ〉 =
N⊗
i=1
(
cos
(
θi
2
)
|−z〉i + eiφi sin
(
θi
2
)
|z〉i
)
(2.11)
In this state, we have a collection of spins pointing in random directions on individual Bloch
spheres. In the case that all the spins are pointing along the same direction, that is θi = θ and
9φi = φ, the state is called a coherent spin state (CSS), denoted by |θ, φ〉. This is an important
state for performing Ramsey spectroscopy on an ensemble of spin-1/2, as will be discussed later.
The collective spin operators for a system of many spins are sums of the single-spin operators.
The single-spin operators only operate on single spins. Explicitly, the collective spin operators are:
Sˆx =
1
2
N∑
i=1
σˆxi (2.12)
Sˆy =
1
2
N∑
i=1
σˆyi (2.13)
Sˆz =
1
2
N∑
i=1
σˆzi (2.14)
Using these operators, the CSS can be visualized on a generalized Bloch sphere with a generalized
Bloch vector. For instance, by following ref. [9], one can derive the identities:
〈θ, φ| Sˆx |θ, φ〉 = S cos(φ) sin(θ) (2.15)
〈θ, φ| Sˆy |θ, φ〉 = S sin(φ) sin(θ) (2.16)
〈θ, φ| Sˆz |θ, φ〉 = S cos(θ) (2.17)
Here S is the total spin, which for a system with N spin-1/2, is equal to N/2. Equation (2.15) then
describes a Bloch vector with length S. Because one can describe the many-spin state in the same
way as the single spin state, and because the collective spin operators are sums of spin operators
which act only on single particles, the Ramsey sequence described in the previous section works for
either an ensemble of spin-1/2 or for a single spin-1/2.
A useful tool to visualize the CSS is the Husimi Q-function. Given a specific CSS, such as
the
∣∣θ = pi2 , φ = 0〉, the Q-function of this state is given by projecting this state onto the general
CSS:
Q(θ, φ) = |〈θ, φ | θ = pi/2, φ = 0〉|2 (2.18)
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The utility of this function is that it is similar to a probability distribution when plotted on
a sphere. Not only does it show the direction of the generalized Bloch vector (referred to as the
“mean spin direction”), but it also shows the distribution of noise on the generalized Bloch sphere
due to quantum fluctuations. The Q-function for the CSS with θ = pi/2 and φ = 0 is shown in
figure (2.5)
Figure 2.5: The Q-function for the CSS with θ = pi/2 and φ = 0, with a vector denoting the mean
spin direction. The yellow-colored region denotes the uncertainty in the components of the spin
vector transverse to the mean spin direction.
At the beginning of the chapter, it was claimed that the uncertainty in the measurement at
the end of a Ramsey sequence decreases with the number of particles, N , like 1/
√
N . To rigorously
justify the uncertainty, consider the error analysis done for the detuning in Ramsey spectroscopy
for one spin-1/2. The idea that was used to derive the uncertainty in the detuning for one spin can
be used again for the case of many spins.
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∆σz =
∣∣∣∣∂ 〈σˆz〉∂δ
∣∣∣∣∆δ (2.19)
∂ 〈σˆz〉
∂δ
= −(N/2)τ sin(δτ) (2.20)
∆σz = (
√
N/2) sin(δτ) (2.21)
=⇒ ∆δ = 1/(
√
Nτ) (2.22)
This is the benefit of using an ensemble of spins over a single spin for Ramsey spectroscopy,
because increasing the number of spins used decreases the uncertainty in the detuning by a factor
of 1/
√
N . But as alluded to before, there exists a better limit, the Heisenberg limit, where the
uncertainty in the detuning in Ramsey spectroscopy scales like 1/N . The Heisenberg limit follows
from the energy-time uncertainty relation in quantum mechanics. The principle states that, for
a time interval δt during which a measurement of the Hamiltonian is made, the variance of the
Hamiltonian, ∆H2, is constrained such that
δt2∆H2 ≥ 1
4
(2.23)
Following ref. [10], this inequality can be rewritten in terms of a dimensionless phase δϕ,
and the operator σˆz =
∑
i σˆ
z
i . We can also place an upper bound on the value of (∆σˆ
z)2 because
the maximum eigenvalue of this operator for N spin-1/2 is N2/4. This implies that the minimum
phase interval to distinguish two different states has a lower limit of δϕ = 1N , which is referred to
as the Heisenberg limit. The Heisenberg limit then provides a strict lower bound on the scaling
of the uncertainty with the number of spins used. One can interpret the uncertainty in the phase,
δϕ, using the Q-function for two CSS which have different mean spin directions. The states must
be separated by an angle δϕ on the Bloch sphere in order for the Q-functions to avoid overlapping
significantly. This idea is presented in figure (2.6).
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Figure 2.6: Illustration of the projection noise limit
(a) The resolution limitations of a state for 4 par-
ticles. The phase uncertainty dictates that the
spin of two systems must be separated by an an-
gle ∆φ on the generalized Bloch sphere in order
to be distinguishable.
(b) The resolution limitations of a state for 16
particles. From the projection noise limit, the
separation of the Q-functions is a factor of 2
smaller than in the previous figure, which means
that the minimum distance of separation to dis-
tinguish two separate states is much smaller.
Chapter 3
Methods
3.1 Spin Squeezing
We have already seen how the uncertainty in the detuning in a suitably performed Ramsey
sequence depends on the uncertainty in the final measurement of the z-component of the collective
spin, and how this uncertainty is constrained by the projection noise limit for the CSS. Spin
squeezing is a way to decrease the uncertainty past the projection noise limit. It can involve
generating interactions between the spins of the system. In the seminal paper [11], spin squeezing
was found to result from an ensemble of spins that were governed by a Hamiltonian Hˆ = f(Sˆz) =
(Sˆz)2, where Sˆz is the collective spin operator along the z-axis. The Hamiltonian must be nonlinear
in the collective spin variables in order to generate spin squeezing; Hamiltonians linear in spin
operators generate only rotations of the CSS about the generalized Bloch sphere. In order to verify
this, it will be helpful to rigorously define the notion of spin squeezing. This is accomplished by
defining the spin squeezing parameter, ξ.
3.2 Quantifying Squeezing
We begin our analysis of spin squeezing by the notion of a spin squeezed state (SSS). A spin
squeezed state describes the collective spin of a system which has a smaller phase uncertainty than
the phase uncertainty for a coherent spin state. Therefore, the uncertainty in the phase for a SSS
must compare with the uncertainty in the phase for a CSS such that
14
∆φSSS
∆φCSS
< 1. (3.1)
where ∆φSSS is the phase sensitivity of the squeezed state. The phase uncertainty for a CSS,
∆φCSS , is always given by 1/
√
N . Hence, one can define an effective squeezing parameter, ξ, in
terms of the collective spin components, 〈S〉, and the variance of the components of the collective
Bloch vector perpendicular to the mean spin direction, ∆(S · n⊥), such that
ξ =
√
N∆φSSS =
√
N
min∆(S · n⊥)
|〈S〉| . (3.2)
The interpretation of this parameter is as follows: the quantity ∆(S ·n⊥) is the uncertainty of
the collective spin components along a normalized vector, n⊥, which is orthogonal to the mean spin
direction. Graphically, ∆(S ·n⊥) can be interpreted as the width of the Q-function distribution on
the generalized Bloch sphere. For a spin squeezed state, there will be a special normalized vector,
n⊥, where the uncertainty is the smallest. This means that the Q-function for a SSS is no longer
shaped like a circle centered on the mean spin direction, but instead shaped like an ellipse (referred
to as the “uncertainty ellipse”). In the definition of the squeezing parameter, this uncertainty is
weighted by the magnitude of the collective Bloch vector, so that the squeezing parameter for a
CSS equals unity. In order to perform the calculation of the squeezing parameter, we can take a
SSS which has a mean spin direction along the x-axis of the generalized Bloch sphere. Then the
vector n⊥ can be parameterized in terms of an angle ϕ, and two normalized vectors, y and z, which
are orthogonal to the mean spin direction:
n⊥ = cos(ϕ)y + sin(ϕ)z. (3.3)
Inserting this into squeezing parameter definition gives us
ξ2(t) = N
(∆Sy)2 cos2(ϕ) + (∆Sz)2 sin2(ϕ) +
(
1
2〈{Sˆy, Sˆz}〉+ 〈Sˆy〉〈Sˆz〉
)
sin(2ϕ)
〈Sˆ〉2 (3.4)
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where Sˆy and Sˆz are the y and z components of the collective spin, and {Sˆy, Sˆz} is the anticom-
mutator {Sˆy, Sˆz} = SˆySˆz + SˆzSˆy. The angle, ϕ, is chosen so that n⊥ is parallel to the minor axis
of the uncertainty ellipse. This corresponds to finding the angle where ∂ξ∂ϕ is zero. An extended
derivation of this parameter can be found in appendix (A), and we find:
ϕ =
1
2
tan−1
[
2〈Sˆy〉〈Sˆz〉 − 〈{Sˆy, Sˆz}〉
(∆Sz)2 − (∆Sy)2
]
(3.5)
Since the squeezing parameter can be a function of time, then in order to take maximal
benefit of the effective squeezing, one should then minimize the squeezing parameter over time.
Due to other effects not included in this analysis, such as decoherence, the maximal squeezing is
constrained to fall within the first minimum in the time evolution of the parameter, beyond which
the mentioned phenomena become relevant [12].
3.3 Effective Hamiltonians and System Geometry
As mentioned previously, in order to generate spin squeezing, there needs to be an effective
Hamiltonian that is nonlinear in the collective spin operators. In ref. [3], trapped ions have the
potential to realize such a nonlinear Hamiltonian. An example of the application of spin squeezing
with trapped ions has already been demonstrated in ref. [13] in the context of Ramsey spectroscopy.
In trapped ion systems, the atom’s electronic degrees of freedom form the effective spin-1/2 system.
By using spin-dependent forces, the ensemble of ions can be made to form a crystal. Other spin-
dependent forces, applied through counter-propagating laser fields, generate long-range interactions
between the ions. Within this setup, it is possible to generate Hamiltonians of the form:
HˆOAT =
∑
j<k
Jjkσˆ
z
j σˆ
z
k (3.6)
HˆXY =
∑
j<k
Jjk
(
σˆxj σˆ
x
k + σˆ
y
j σˆ
y
k
)
(3.7)
(3.8)
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where σˆzj is the j
th ion’s z-component spin operator. The first Hamiltonian is the so-called one-
axis-twisting Hamiltonian (denoted by OAT), the second is called the XY model. In trapped ion
systems there exists sufficient control that one can engineer the coupling constants Jjk between the
ions so that the interactions between the atoms form a lattice geometry. Therefore the coupling
constants are chosen in this work so that the ions form either a hexagonal lattice or a triangular
lattice. These correspond to particle numbers N = 7 and N = 6 respectively, and are shown in
figure (3.1). The embedding of the geometry in the coupling constants is done by defining Jjk such
that:
Jjk =
J
|rj − rk|α , (3.9)
where rj are dimensionless vectors denoting the location of the ions, meaning that one can define
an effective length scale, a, such that the actual location of the ions is Rj = arj . The parameter
α is a dimensionless coefficient which sets the range of the interactions. In the limit α → ∞, the
spins can be considered to be interacting only with their nearest neighbors. J sets the energy scale
of the interaction. Within this work, I explore the effect on the maximum achievable squeezing
by increasing α from zero to six. In previous works [14], spin squeezing on an arbitrary lattice for
the OAT model has been analyzed, and the numerical simulations are compared to this work in
appendix (A).
In addition to the two models discussed above, there is also a third Hamiltonian which
generates squeezing. This is the so-called two-axis-counter-twisting model (abbreviated as TAC),
which, although is considerably more difficult to realize experimentally, has been proposed to be
realizable using dipole-dipole interactions between atoms in highly-excited electronic states in ref.
[4]. The TAC model is governed by a Hamiltonian of the form:
HˆTAC =
∑
j<k
Jjk
2i
(
σˆ+j σˆ
+
k − σˆ−j σˆ−k
)
, (3.10)
where σˆ±j = (1/2)
(
σˆxj ± iσˆyj
)
. The one-axis-twisting model achieves a variance in the spin com-
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ponents transverse to the mean spin direction that scales with the number of spins, N , like N1/3,
while the two-axis-countertwisting achieves a variance in the transverse components that asymp-
totically approaches 1/2 by increasing the number of spins [15]. Since the TAC model has a scaling
of the variance that is smaller than the OAT model, the TAC model is expected to outperform the
OAT model in terms of the maximum amount of achievable spin squeezing. In addition, another
advantage of the TAC model is that the angle ϕ is constant in time.
The naming of the Hamiltonians hints at a geometrical interpretation of their effects. In the
OAT model, consider first a CSS prepared with the mean spin direction aligned along the x-axis of
the generalized Bloch sphere. The variance in the spin components perpendicular to the mean spin
direction is isotropic, that is, (∆Sy)2 = (∆Sz)2 = N/4. Applying the one-axis-twisting Hamiltonian
to this state will cause the probability distribution given by the Q-function to be sheared in the y-
direction, as if the distribution was being twisted about the z-axis. This creates anisotropy between
∆Sy and ∆Sz, which leads to spin squeezing. Figure (3.2) illustrates this process.
In a similar manner, the two-axis-counter-twisting Hamiltonian has a geometrical interpreta-
tion, except that the mean spin direction is along the z-axis, and there are two axes which twist the
probability distribution. The first axis is located at θ1 = pi/2, φ1 = pi/4, and the second is located
at θ2 = pi/2, φ2 = −pi/4, and the two axes twist in opposite directions. This process is depicted in
figure (3.3).
3.4 Time Evolution
The time evolution of the squeezing parameter is computed numerically using a Mathematica
routine. At its heart, the simulation numerically solves the Schro¨dinger equation:
i~
∂
∂t
|ψ(t)〉 = Hˆ |ψ(t)〉 (3.11)
using Mathematica’s NDSolve function for a given spin Hamiltonian. From this, the spin state
obtained can be used to calculate all expectation values. Numerical methods are used because the
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(a) Triangular lattice of effec-
tive spin-1/2 particles. There
are seven total. Each particle
is coupled to every other by the
coupling constant Jjk.
(b) Hexagonal lattice of ef-
fective spin-1/2 particles.
In this case there are only
six.
Figure 3.1: Lattice geometries
19
(a) Initial coherent state
∣∣pi
2 , 0
〉 (b) Application of the one-axis-
twisting Hamiltonian
(c) Resulting spin-squeezed state
Figure 3.2: Illustration of the effect of spin squeezing on the Q-function of a CSS with the one-axis-
twisting Hamiltonian. In this figure, the Q-function is projected onto a two-dimensional domain
(a) (b) (c)
Figure 3.3: Illustration of the effect of spin squeezing on the Q-function of a CSS with the two-
axis-counter-twisting Hamiltonian. In (a), the initial coherent state |θ = 0, φ = 0〉 is shown. In
(b), we see the application of the two-axis-counter-twisting Hamiltonian. The red arrows are the
shear generated by the twisting axis located at θ1 = pi/2, φ1 = pi/4. The blue arrows are the
shear generated by the twisting axis located at θ2 = pi/2, φ2 = −pi/4. In (c), we see the resulting
spin-squeezed state.
Hamiltonian is a 2N × 2N matrix for N particles, which can take very long to diagonalize using
analytical methods. The numerical methods have been compared to exact expressions for the one-
axis-twisting Hamiltonian, and strong qualitative agreement between the two has been found (see
appendix A). No other analytical expressions for the squeezing for the XY Hamiltonian or TAC
Hamiltonian are currently known to this author.
The code employed in the simulations was partially completed by the time it was incorporated
into being used for calculating the spin squeezing. Most importantly, the code responsible for
creating the Hamiltonians for an arbitrary number of spins was already completed. This code was
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adopted based on its efficiency to generate the Hamiltonians in a fairly short amount of time. What
was left was to implement the initial coherent state, the expectation values, and expressions for the
squeezing parameter, as well as the geometry of the system.
Chapter 4
Results
This chapter presents the maximal squeezing available for the three models using various
interaction ranges. First, the results for each Hamiltonian are given. Then, a global comparison of
the maximally attainable squeezing is given. In each case, the squeezing parameter versus time and
the minimum over time of the squeezing parameter are given. The latter quantity is the maximum
achievable spin squeezing.
4.1 Squeezing for the OAT Hamiltonian
The one-axis-twisting Hamiltonian has been studied extensively, so the results presented here
serve as an example of the expected behavior of the squeezing versus the interaction range. In figure
(4.2), the maximum squeezing attainable over all time for a given interaction range is plotted. For
both the triangular lattice and the hexagonal lattice, the maximum squeezing decreases with the
increase of the parameter α. This can be understood as follows: the interaction range is inversely
proportional to the parameter α, so that α = 0 implies that the interaction range is infinite. In
this case, each particle becomes correlated with every other in the system, with a strength which
is independent of its distance. With α = 6, the particles still become correlated, however, the
correlations are weighted heavily on the separation distance of the particles. This behavior is
expected to carry over to other Hamiltonians examined in this thesis.
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Figure 4.1: Time evolution of the squeezing parameters over the interaction range.
Figure 4.2: Maximal squeezing over time versus interaction range for the OAT Hamiltonian.
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4.2 Squeezing for the XY Hamiltonian
The XY Hamiltonian is similar in behavior to the OAT Hamiltonian in that the maximal
attainable squeezing over time is reduced as the interaction range decreases. The maximal attain-
able squeezing is given for N = 7, α = 0 as −4.17625 dB, the same as for the OAT case. This is
due to the fact that at α = 0, the OAT and the XY Hamiltonians are the same up to an additive
constant which does not induce squeezing. The results are summarized in figure (4.4), with the
time evolution for each interaction range given in figure (4.3)
Figure 4.3: Time evolution of the squeezing parameters over the interaction range.
Figure 4.4: Maximal squeezing over time versus interaction range for the XY Hamiltonian.
4.3 Squeezing for the TAC Hamiltonian
The TAC Hamiltonian gives the maximal attainable squeezing for any given interaction range
out of the three studied. The time to achieve this squeezing, however, is longer than the other two
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models.
Figure 4.5: Time evolution of the squeezing parameters over the interaction range.
Figure 4.6: Maximal squeezing over time versus interaction range for the TAC Hamiltonian.
4.4 Maximum Squeezing
The maximum squeezing was found to be given by the TAC Hamiltonian at short ranges,
and the XY Hamiltonian at long ranges, as can be seen in figure (4.7). The crossing occurs between
α = 2 and α = 3.
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(a) Comparison of maximal attainable squeezing
for all Hamiltonians investigated for six particles.
Notice that the TAC Hamiltonian outperforms
the others at short interaction ranges, but that
XY achieves more squeezing for longer ranges.
(b) Comparison of maximal attainable squeezing
for all Hamiltonians investigated, for seven par-
ticles. The TAC Hamiltonian outperforms the
others at short ranges, as for seven particles.
Figure 4.7: Maximal squeezing for all three models, for six or seven particles
Chapter 5
Conclusion and Outlook
The TAC Hamiltonian led to greater spin squeezing, but only at shorter ranges; the XY
model led to greater spin squeezing at longer ranges. The maximum amount of squeezing found in
this study was -4.4658dB for seven particles with all-to-all interaction range α = 0.
5.1 Outlook
The methods presented herein have in no way exhausted the means by which one may generate
spin squeezing, but merely analyzed a small subset of parameter ranges. The field of quantum
control still has potential to find better ways to generate spin squeezing. For example, adding a
transverse magnetic field to the OAT Hamiltonian promises to generate more squeezing that may
last longer than the OAT Hamiltonian alone, which is shown in figure (5.1).
Figure 5.1: Comparison of OAT Hamiltonian with and without a transverse field
In addition, since the TAC Hamiltonian was found to take longer to bring about maximal
squeezing, notions of the optimal squeezing rate have been studied in order to achieve the maximal
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amount of squeezing in the shortest time [16].
So far, the notion of spin squeezing has been constrained to systems consisting of spin-
1/2 particles. But as experimental accessibility improves, one could consider a system composed of
spin-N particles and hope to generate spin squeezing. For example, systems of alkaline-earth atoms
with emergent SU(N) symmetries have been suggested [17] as a potential system to generate spin
squeezing. The code presented within this thesis can be extended to these systems, with the caveat
that the Hilbert spaces involved are much larger.
Therefore in conclusion, the simulations presented within this thesis serve both as an infor-
mative guide to spin squeezing in current atomic systems, and as a springboard towards future
endeavors in the areas of precision metrology and quantum simulation with atomic systems.
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Appendix A
Derivation of Relevant Squeezing Parameters
A.1 Derivation of ξ
This section provides the derivation of the squeezing parameter, ξ2. From the definition, we
have
ξ =
min (∆ (S · n⊥))
|〈S〉| (A.1)
min (∆ (S · n⊥)) = min
(〈
(S · n⊥)2
〉
− 〈(S · nˆ⊥)〉2
)
. (A.2)
Assuming that the mean spin direction is along the x-axis of the generalized Bloch sphere, the first
step to finding the minimum of the quantity ∆ (S · n⊥) is to parameterize the normalized vector
n⊥ in terms of the two vectors, y and z, which point perpendicular to the mean spin direction, and
an angle ϕ such that:
n⊥ = cos(ϕ)y + sin(ϕ)z (A.3)
Upon substitution, the variance perpendicular to the mean spin direction is given by:
(∆ (S · n⊥))2 = (∆Sy)2 cos2(ϕ) + (∆Sz)2 sin2(ϕ) +
(
1
2
〈{Sy, Sz}〉 − 〈Sy〉 〈Sz〉
)
sin(2ϕ) (A.4)
=⇒ ξ2 = min (∆S
y)2 cos2(ϕ) + (∆Sz)2 sin2(ϕ) +
(
1
2 〈{Sy, Sz}〉 − 〈Sy〉 〈Sz〉
)
sin(2ϕ)
|〈S〉|2 , (A.5)
where {Sˆy, Sˆz} is the anticommutator, SˆySˆz + SˆzSˆy. Since the square root function is monotonic
increasing, then finding the minimum of ξ2 is equivalent to finding the minimum of ξ.
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A.2 Derivation of ϕ
The squeezing parameter is minimized with respect to the angle, ϕ, which parameterizes the
vector n⊥. This means that there is a special angle ϕ0 such that
∂
∂ϕ
∣∣∣∣
ϕ0
ξ = 0 (A.6)
Evaluating the derivative and solving for ϕ0 is straightforward:
∂ξ2
∂ϕ
=
− (∆Sy)2 sin(2ϕ) + (∆Sz)2 sin(2ϕ) + (12 〈{Sy, Sz}〉 − 〈Sy〉 〈Sz〉) 2 cos(2ϕ)
|〈S〉|2 (A.7)
=⇒ − (∆S
y)2 sin(2ϕ0) + (∆S
z)2 sin(2ϕ0) +
(
1
2 〈{Sy, Sz}〉 − 〈Sy〉 〈Sz〉
)
2 cos(2ϕ0)
|〈S〉|2 = 0
(A.8)
=⇒ (∆Sy)2 sin(2ϕ0)− (∆Sz)2 sin(2ϕ0) =
(
1
2
〈{Sy, Sz}〉 − 〈Sy〉 〈Sz〉
)
2 cos(2ϕ0) (A.9)
tan(2ϕ0) =
(〈{Sy, Sz}〉 − 2 〈Sy〉 〈Sz〉
(∆Sy)2 − (∆Sz)2
)
(A.10)
=⇒ ϕ0 = 1
2
tan−1
[
2 〈Sy〉 〈Sz〉 − 〈{Sy, Sz}〉
(∆Sz)2 − (∆Sy)2
]
(A.11)
By setting ϕ = ϕ0 in the expression for the squeezing parameter, the squeezing parameter is
minimized with respect to ϕ.
A.3 Coupling Strength Matrices
Presented in this section is an explicit form for the coupling matrices Jjk =
1
|rj−rk|α used in
the numerical calculations. For seven particles, the matrix with α = 1:
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J =

0 1 1√
3
1
2
1√
3
1 1
1 0 1 1√
3
1
2
1√
3
1
1√
3
1 0 1 1√
3
1
2 1
1
2
1√
3
1 0 1 1√
3
1
1√
3
1
2
1√
3
1 0 1 1
1 1√
3
1
2
1√
3
1 0 1
1 1 1 1 1 1 0

, (A.12)
whereas for six particles the matrix with α = 1 is
J =

0 1 1√
3
1
2
1√
3
1
1 0 1 1√
3
1
2
1√
3
1√
3
1 0 1 1√
3
1
2
1
2
1√
3
1 0 1 1√
3
1√
3
1
2
1√
3
1 0 1
1 1√
3
1
2
1√
3
1 0

. (A.13)
A.4 Analytic Comparison of Spin Squeezing Quantities
Using the expressions from ref. [14], it is possible to do an analytical treatment of the
squeezing in the case for the OAT Hamiltonian. The relevant quantities to calculate are presented
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below, with ~→ 1
〈Sx〉 = 1
2
∑
j
〈
σˆxj
〉
(A.14)
〈Sy〉 = 1
2
∑
j
〈
σˆyj
〉
(A.15)
〈Sz〉 = 1
2
∑
j
〈
σˆzj
〉
(A.16)
〈
(Sy)2
〉
=
1
4
∑
j
〈(
σˆyj
)2〉
+
1
4
∑
j 6=k
〈
σˆyj σˆ
y
k
〉
(A.17)
〈
(Sz)2
〉
=
1
4
∑
j
〈(
σˆzj
)2〉
+
1
4
∑
j 6=k
〈
σˆzj σˆ
z
k
〉
(A.18)
〈SySz〉 = i
4
∑
j
〈
σˆxj
〉
+
1
4
∑
j 6=k
〈
σˆyj σˆ
z
k
〉
(A.19)
〈SzSy〉 = − i
4
∑
j
〈
σˆxj
〉
+
1
4
∑
j 6=k
〈
σˆzj σˆ
y
k
〉
(A.20)
In each case examined (e.g. with six or seven particles), the agreement between the theory
and the numberical computation has proved to be qualitatively similar. Presented in figure (A.1)
are plots of the agreement between the two calculations.
(a) Comparison of theory (black) with numerical
calculations (red) for the OAT Hamiltonian and
seven particles.
(b) Comparison of theory (black) with numerical
calculations (red) for the OAT Hamiltonian and
six particles.
Figure A.1: Comparison of analytical treatment and numerical simulations
